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ON THE LOCAL BEHAVIOR OF ¥(z,y)
ADOLF HILDEBRAND

ABSTRACT. V¥(z,y) denotes the number of positive integers < z and free
of prime factors > y. In the range y > exp((loglogz)5/3+¢), ¥(z,y) can be
well approximated by a “smooth” function, but for y < (logz)2~¢, this is no
longer the case, since then the influence of irregularities in the distribution
of primes becomes apparent. We show that ¥(z,y) behaves “locally” more
regular by giving a sharp estimate for ¥(cz,y)/¥(z,y), valid in the range
z>y>4logz, 1<c<y.

Introduction. The function ¥(z,y) denotes the number of positive integers <
having no prime factors > y. Many arithmetic problems require accurate estimates
for ¥(z,y), and the study of this function has been the object of numerous articles.
A survey of the most important results as well as an extensive bibliography can be
found in Norton’s memoir [8].

It turns out that ¥(z,y)/z, i.e. the “probability” for a positive integer < z to be
free of prime factors > y, depends essentially on the ratio log z/logy. Dickman [4]
showed, that for every fixed u > 0, the limit lim, o, ¥(y*,y)/y* exists and equals
o(u), where p (the “Dickman function”) is defined by

pluy=1 (0<u<1l), p continuous at 1,

=22 sy
De Bruijn [3] established the quantitative estimate
v o\ log(u + 1)
0 w5 = ot (1+0. (L

for the range y > 2, 1 < u < (log y)3/ 5—¢ where ¢ is any fixed positive number. In
[7], this range was extended to y > 2, 1 < u < exp(logy)3/5~¢.

It is natural to ask whether these results can be further improved and, in par-
ticular, for what range relation (1) can possibly hold. The upper bound u <
exp(logy)3/5~¢ in the last mentioned result arises from the sharpest known form
of the prime number theorem and could be replaced by u < y'/2-¢, if the Rie-
mann hypothesis is assumed. However, one cannot go much further, and it seems
likely that for u ~ ,/y relation (1) no longer holds. In fact, it appears that for
u > yl/2te W(y¥,y) becomes strongly dependent on the irregularities in the dis-
tribution of primes and cannot be well approximated by “smooth” functions. In
Theorem 3 we shall give an estimate, which clearly exhibits the connection between
¥(y*,y) and the distribution properties of the prime numbers.
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The “local” behavior of ¥(z,y), i.e. the behavior of ¥(z',y)/¥(z,y), where 2’
is, in some sense, “close” to z, turns out to be more regular and can be quite
accurately determined, even in a range where no good approximation for ¥(z,y) is
available. This has been first noticed by Hensley, who showed recently [6, formula
(11.5)] that the relation

1/7
Y(cz,y) =c? (1 +0 <<%> ))

holds, with a suitable 8 = 6(z,y), uniformly in the range
(logz)* <y < exp((logz)*/*), 1<c<2

The lower bound y > (logz)* appears to be the limit of Hensley’s method. Our
main object is to prove, by a completely different method, a result of the same type,
but for the range y > 4logz.

We first derive an upper bound for ¥(cz,y) in the form of an ezact inequality,
which is valid, whenever y is sufficiently large, ¢ > y and ¢ not too close to 1,
without any further condition on the relative size of z and y.

THEOREM 1. The inequality ¥(cz,y) < c¥(z,y) holds for all x,y and c satis-
fying £ >y > yo, ¢ > 1+ exp(—+/logy), where yo is an absolute constant > 2.

In our second and main theorem we give a sharp estimate for ¥(cz,y)/¥(z,y),
which is essentially the same as Hensley’s estimate with a slightly weaker error
term, but valid in a substantially larger range.

THEOREM 2. Uniformly for > e, 4logz <y <z, 1<c <y, we have

) log y 1/10
— palzy
Y(cx,y) =c V(z,y)[1+ O (logx) ,

where a(z,y) is the (unique) real number satisfying

Zﬂ—l ~ logz.

a(z,y) —
p<y P

By iterating the estimate of Theorem 2, one can obtain estimates for
V(cz,y)/¥(z,y) in the case ¢ > y. One could even deduce an estimate for ¥(z,y)
itself, but this would be much weaker than that given in Theorem 3.

If z is large compared with y, then the estimate of Theorem 2 is surprisingly
sharp. For example, in the case r = exp(y”), where v € (0, 1) is fixed, the error
term is of order O((y~"logy)'/1%) and hence considerably smaller than the error
term in (1). For small z, = < exp((logy)?®°) say, the estimate of the theorem
becomes less effective, but in this range (1) can be applied.

The quantity o(z,y) is defined by a prime number sum and depends on the
behavior of the error term in the prime number theorem. It is not difficult to
replace in the estimate of Theorem 2 a(z,y) by a smooth function, at the cost of a
weaker error term. Indeed, one can show (cf. Lemma 4) that, under the hypotheses
of Theorem 2, we have

alz,y) =1— & +o< ! )+0<§>+0(exp(_\/@)),

logy ulogy
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where u = log r/logy, and &, is the positive solution of ef* = u¢, + 1. According
to (1, Lemma 3], the estimate

% — otéute (1 +0 <%)> — otéu <1+0 (%))

holds uniformly for v > 1 and 0 <t < 1. Thus we see that, for 1 < ¢ <y,
cfu/logy — p(u + (IOgC)/(IOgy)) <1 +0 (l))
p(u) u))’
and after a slight change in notation, we arrive at the following corollary to Theorem
2:
COROLLARY. Uniformly fory>2, 1 <u<y/4logy, u <u' <u-+1 we have

- o) ro(2)
o (-59))

This result shows that in the range 1 < u < y/4logy, ¥(y*,y) behaves “locally”
like y“p(u), although the relation ¥(y*,y) ~ y*p(u) is known to be valid only for
a much smaller range.

The proof of Theorems 1 and 2 is based on the identity

@ ey [ Llas ¥ (L) @222,

pM<z
p<y

which can be easily established starting from the weighted sum ) logn, where the
summation runs over all positive integers n < x, which are free of prime factors
>y (cf. [7)).

By a repeated application of this identity, one can reduce an upper bound
for sup, >, (¥(cz,y)/¥(z,y)) to an upper bound for sup,<,<,2(¥(cz,y)/¥(z,y)),
which is not difficult to establish. This method leads in a fairly simple way to the
assertion of Theorem 1.

The proof of Theorem 2 is much more complicated. The main reason for this lies
in the fact that the error term in the asserted estimate decreases with z, when y is
fixed. The method of reducing such an estimate by means of the identity (2) to the
case of small z, can no longer be applied, since the error term would be relatively
poor for small z and would certainly not decrease, when z gets larger. Instead of
“descending” down to small values of z, we shall therefore descend from a given
z only down to a certain z’, which will be of order z exp(—(logz)?) for a suitable
v € (0,1). Using an idea of de Bruijn [2], we shall then show that the error term
in the desired formula for £ must be substantially smaller than the error term for
z’, if it is not very small itself. To obtain the required estimate, a relatively crude
estimate of the error term for z’ will then be sufficient. This is achieved by the
following estimate for ¥(z,y), which is of interest by itself.

THEOREM 3. Uniformly for z > e*, 2logz <y < = we have
¥(z,y) = exp{I(z,y) + O((logy)®)},
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where

I(z,y) = /I a(tt’ Y) g,

This result may be compared with the sharpest previously known estimate for
VU(z,y) in the range z > 3, (logz)'*¢ <y < z, namely (cf. [7, Theorem 2] and the
subsequent remarks)

(3) log¥(z,y) = log(zp(u)) + Oc(uexp(—(logu)*57¢))  (u=logz/logy).

(3) could be easily deduced from Theorem 3 in the case u > exp v/logy, and follows
from (1), if 1 < u < expy/Iogy. For large u, the error term in Theorem 3 is
considerably smaller than the error term in (3). We have to however keep in
mind that the function I(z,y) is not “smooth” and depends on irregularities in
the distribution of primes, whereas in (3) the influence of such irregularities has
to be absorbed by the error term. Due to these irregularities, the function I(z,y)
“oscillates” around a smooth approximation Iy(z,y), and it can be shown that for
u = logz/logy > y'/?*¢ these oscillations are of larger order than the error term
in Theorem 3. Thus Theorem 3 justifies, in a sense, our earlier assertion, that for
u > y'/2+e Y(y¥,y) cannot be approximated too well by a smooth function.

2. Proof of Theorem 1. We first remark that it suffices to prove the theorem
in the case ¢ < 4; the extension to ¢ > 4 follows by iteration.

Put,forc>1, y>2and u > 1,
qe,y;u) = ¥(cy™,y)/¥(y",y)
and
q*(c,y;u) = sup{q(c,y;u’): 1 <o’ < u}.

We have to show that for y > yo, 1 + exp(—+vIogy) < ¢ < 4, u > 1, we have
g*(c,y; u) < c. We shall prove this in two steps, given by the following two lemmas:

LEMMA 1. If yo is sufficiently large and y > yo, 1+ 3y~ /3 < ¢ < 4, then we
have q*(c,y;u) = q*(c,y;2) for every u > 2.

LEMMA 2. If yo 1s sufficiently large and y > yo, 1+ exp(—+y/Iogy) < ¢ < 4,
then we have ¢*(c,y;2) < c.

PROOF OF LEMMA 1. Applying the identity (2) twice on taking z = cy* and
z = y*, as well as the inequality

Ulet,y) < ¢ (c,y;u)¥(t,y)  (y<t<y"),
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we get, forc>1, y>2and u > 2,
q(e, y;u)¥(y*, y) log(cy") = ¥(cy*, y) log(cy)

_ [ u(ty) ey )
_/1 DY \I/<pm,y logp

pM<cyt
r<y
vty
=/ (ct, y)dt-{- Z \Il< ,y> logp
/C t m< oyt
P cy
p<y
y '/} t, U
<g*(c,y;u) / 2tv) gy 4 Y, (y—my> logp » + R(c,y;u)
Yy t pmgyu—l p
P<vy
< q*(e,y;u)¥(y", y) logy* + R(c, y; u),
where v W, Y
R(c,y;u) = (ct y)dt+ DO <Egm‘»y> log p.
/C y“_1<pm§cy“ p
P<y
In view of the trivial estimate ¢(c,y;u) > 1, we therefore obtain
R(c,y;u) loge

. < ag* . — .
ale,y;u) < ¢*(c,y3u) + T(ye.y)logy®  Togy®
We shall presently show that the estimate
lo
(4) Rleyiw) < (3" v) Ty

holds uniformly in the range 1 < ¢ < 4, y > 2, u > 2. (4) implies that for
¥ > yo, 1+y~ /3 < ¢ <4, u > 2, the quantity R(c,y;u)/¥(y*,y)—log ¢ is negative
and hence g(c,y;u) < ¢*(c,y;w). This means that the function u — g¢*(c,y;u) is
nonincreasing and therefore constant for u > 2, as we wanted to show.

It remains to prove (4). From the trivial estimate ¥(¢,y) < t and our assumption
1< c<4weget

Yy U
R(c,y;u) S/ cdt + E <;im>logp
1/c

yu—lgpm <cy¥

p<y
< 4y + 4y*(log y) E E
p<y m>1
pM>yu— 1

The double sum can be estimated by

p<y logy
but also by
<Y ¥ s+ Y T4
p<Vy m21 \/_<p<ym>2
pm>yu—1
y3/2 u

<

-1/2 —1/2
log y +y Ly ,
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since u > 2. Hence we obtain
R(c,y;u) < y+ y*min(y?~*,y~%logy)
< min(y?,y* "% logy).
This together with the crude estimate

u >y (1<u<5/2),
V(y 'Y) { > \Il(y5/2,y) > y5/2 (u > 5/2)

yields (4) and thus completes the proof of Lemma 1.
PROOF OF LEMMA 2. By the inclusion-exclusion principle we have, for y <

z<y?and 1< ¢ <4,
Vo) =ld- 3 |2
)2

y<p<z p
A sharp form of the prime number theorem shows that the error term in the second
formula is of order

=R

y<p<cz y<p<cy

U(ez,y) = [ea] = 3 [%]4—0 x( v

(c—1)?
O {z-—=— ) + O(zexp(—2+/logy)

log”y
Moreover, we have

> 3

y<p<z

ISEDIREIDEDS

y<p<zn<z/p n<zry<p<z/n

z/n
= Z/ i-FO (zexp(—2+/logy)

oyl logt

/I [%] —(it— O(z exp( 2@
y

log t

I

and similarly

> 7]

y<p<cz

/cz [?] dt O(z exp( 2\/@
y

log
c/ +O (zexp(—2+/logy)
y/c
Thus we see that

Y(cz,y) — c¥(z,y) = c(I; — 12)-|—0< (l b >+O zexp(—2+/logy)

= L)) gt )

where
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2= y/e Lt log(ct)’
We have p
* t
I < z(l
1 < z( ogc)/y o
1 1 z loge
- ) <Z. B
#(loge) <logy log:c> ~ 2 logy
and

1 YV /x
> — — =
L2 log(ye) Jy/c (t 1) dt

= @ (a:logc—y+ %)

zloge Y logc
> - = .
= logy (1 z)+0<xlog2y

z loge 1
< —=22%[1 —
B=h = ~Fiogy ( o (logy>>
and we obtain ¥(cz,y) < c¥(z,y), provided y > yo, 1+exp(—vIogy) < ¢ <4 and
yo is sufficently large. If y < z < 3y, then we have

log ¢
L=0 )
' (gclog2 y)

voodt Y ( 1 )
L> / > -1
2 y/c log(ct) ~ log(cy) c

r loge = loge < logc)

=3 loglcy) 3 logy zlog2y

If now z > 3y, then

and under the above hypotheses on ¢ and y, we get again the inequality ¥(cz,y) <
c¥(z,y). Thus we have proved (under the stated hypotheses)

¥(cz,y)
*(¢,y;2) =) su <eg,
(a%(c,9;2) )yszgyz ¥(z,1)

i.e. the assertion of Lemma 2. The proof of Theorem 1 is now complete.
For later use we state the following lemma, which is an easy consequence of
Theorem 1 and Lemma 1.

LEMMA 3. The estimate
¥(cz,y) = ¥(z,y)(1 + O(c - 1) + O(y~'/?))
holds for all ¢ > 1 and z > y > yo, where yy 13 a sufficiently large constant.

PROOF. The lower estimate is trivial, since the function z — ¥(z,y) is non-
decreasing. In the case ¢ > 1 + exp(—+/logy), the upper estimate follows from
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Theorem 1. Moreover, if 1 +y~1/3 < ¢ < 1 + exp(—y/Iogy), then Lemma 1 to-
gether with the trivial estimate

. (ey*,y)
¢,Y;2)= sup ———
e ( y ) 15u22 \Il(y“,y)

1
< sup — | Y(y*,y) + 1
1<u<2 ‘I’(y“,y) ( ( ) y“<nE§cy“
(e—1)y* + 1>
< su 1+ —
= ol ( ¥(y¥,y)

=1+O(c—1)+0<§>

yields the desired upper estimate. Finally, if 1 < ¢ < 14 y~1/3, the result follows

from the inequality ¥(cz,y) < ¥((1+ y~/3)z,y) and the already proved cases.

3. Proofs of Theorems 2 and 3. Beginning. We shall consider the variable
y as a parameter and keep it fixed throughout the proof. We may suppose for the
proofs of both theorems y to be sufficiently large. All estimates in the sequel are
understood to hold uniformly for all sufficiently large y. With these conventions,
we shall, in general, not indicate an eventual dependency on y in the notation; in
particular, we put a, = a(y%,y).

We start with some simple estimates for the quantities &, and o, = a(y*,y).
Recall that &, is defined by the equation ef* = u¢, + 1.

LEMMA 4. We have

d 1

(iv) au=1+0(-—l§> (1<u<?),
loig+O< 12 )Sau
logy log”y

log 2 1 ) ( y )
<1-— (0] 2<u<?2 s
- logy+ (logzy SU=s 2logy

1 log p 1-t
5P <
) ulogy pngv PO ‘
p<y

(y sufficiently large, 1 <u < y/2logy, t > 1),
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(i) L=l +o< ! >+o<§)+mum-¢ﬁﬁn

" logy ulogy
(1<u<y/2logy).

PROOF. For sufficiently large u we have
€8 < ylogu + 1, elog(ulog? v) 5 4 Jog(ulog? u) + 1,

so that

logu < &, < log(ulog?®u).
This yields the relation &, ~ logu (u — 00), stated in part (i) of the lemma. Taking
the derivative on both sides of the equation deﬁning &y, we find

_‘&u £u+u fua

whence, for u > 2,

d, _ & _ €u 1 1
Eﬁgu_efu—u_u(fu—l)+ E<1+O<logu>>

which is estimate (ii) of the lemma.
Differentiating both sides of the identity

_ log p
logy* =3 =
p<y

with respect to u, we get

p*logZp d
logy = E o 2 a“’
(M (pe —1)

and hence

-1
d logp
0< oy < (logy) ((10%2) > pav — 1)

p<y

log2)~!
_ (og2)7% 1
u u
i.e. part (iii) of the lemma.
The lower estimate

log 3 1 Y
> — —_— <u<
= ogy +0 (log"’y) (l =4= 2logy>

follows from the inequality

Y2 ulogy = Y 52,
p<yp

12 ogp=~

P<y

1 (140 (3))

and a similar argument yields the other estimates in part (iv).
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(v) follows from the inequality

— Y = 1 Y By
< . — (1=t
moy, — (t—1)ay ay y
ulogypsy v’ P y ulogypgyp 1

P>yt

and the lower bound for o, given in part (iv) of the lemma.

It remains to prove formula (vi). This formula holds trivially, if 1 < u < 2, since
in this range &, is bounded and, by part (iv) of the lemma, 1 — o, = O(1/logy).
If 2 <u < y/2logy and y is sufficiently large, as we may assume, then we have, by
the second estimate of part (iv),

—_— < - 1 .

logy — 2logy
In view of this inequality, we readily obtain, by partial summation and a strong
form of the prime number theorem,

ulogy =) log_pl=(1+0(exp(—\/10gy)))/2y @1 o)

p<y P g =1

= (1 +0 <ngy> +O(exp(—\/@))> /j taudt_ 1
= <1 +0 <W1gy> + O(exp(—/logy)) + O (y™*) + O (yau—1)>

The last two error terms can be estimated by

l—au/y dt <<ulogy
Yy 2

tow — 1 Y
oy, —1 < 1 /y di - < 1
y 1—a, \Jy tox—1 u’

Qy =

yl—au

1—ay

YL

and

Hence we get

l-ay 1-oy 1
y L ulogy = y <1+O<l> +O(w) +O(exp(—\/108y))>~
— O, 1— oy u Y
Putting .
— Oy __
uy = y 1 )
(1 - au)lOgy

we have, by the definition of ¢,,,

1- Oy = gux/logyy
and the above estimate implies

1« ui =140 <é> +0 (ulc;gy) + O(exp(—+/log y)).

1

In view of part (ii) of the lemma, we therefore obtain
Eu _ Eu; — u < lu —uy| +1

logy logy ulogy

- 0( ! > +0 <§> + O(exp(—/logy)),

ulogy

1—a, —
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i.e. the desired formula. This completes the proof of Lemma 4.
Define, for u > 1, f(u) by

V(y*,y) = f(u) exp <(10gy) /1 Ca dt> :

Theorems 2 and 3 can be easily reformulated in terms of f(u): Theorem 3 is
equivalent to the estimate

f(u) = exp{O((logy)®)} (1< u<y/2logy),

and Theorem 2 roughly says that the function f(u) does not change too rapidly. The
starting point for the proof of both results is an approximate functional equation
for f(u), given by the following

LEMMA 5. Put h = 10logy and suppose y s suffictently large. Then we have,
for B3 <u <y/2logy,

(1+0 (%)) sy = - o2 (-8,

pM<y
p<y

PROOF. The proof is based on the identity (2), which can be written as

\I'(y“,y)logy“=/ly LG y)dt+ > ‘I’<p ,y>logp (u>1).

pM <yt
p<y

We shall show that for A3 < u < y/2logy the main contribution to the right-hand
side comes from the part of the sum corresponding to p™ < y".
The above identity implies

U(y,y)logy" > > ¥ < p y) log p

p<y

> W(y 1 y) Y logp=T(y*y)y (1+O<lo;y)>

p<y
for every u > 1. If now, according to the hypothesis of the lemma, y is sufficiently
large and u < y/2logy, it follows that

_ 2. .
Y(y*ly) < 3YWv),

and by iteration we get

yu 2\ [logt/logy]

for 1 <t < y*. Thus we see that
v dt v v\ dt
/ V(t,y) 5 / v (yTy>
1 1

t
D) [Iogt/lozy]
= ¥(y*,y) : (g) — <<‘I’(y ,y)logy.



740 ADOLF HILDEBRAND

Moreover, we have, for h < u < y/2logy,

( )W Y(y*,y)

= ¥(y*,y) exp( [10log y] log <g>> < W(I;;’y),

so that

) ‘I’( ,y)logp<\1'(y“ Py)d D logp

yh<pm<yu p<y m>1
p<y pmyu

v 1
< \I,(yu—h’y)zlogyu < (y ’yy) ogy )

r<y
We therefore arrive at the estimate

<1 +0 <-11;>> U(y*, y)logy* =

valid, whenever y is sufficiently large and h < u < y/2logy. The asserted formula
now follows on noting that, by definition of f(t) and estimate (iii) of Lemma 4, we
have, for h3 <u < y/2logy and 1 <t < yh,

Y(y*/t,y) _ f(u— (logt)/(logy)) ol u
U(yvy) @) e p{ (logy) /u togts/donn ™ ds}

_ f(u—(logt)/(logy)) | _ “ u-—s
B f('U.) ¢ p{ aogy)[t—(logt)/(logy) <au+0< u >>d8}

_ flu- (l?fg(z))/(logy)) . tai“exp {O <ﬁui>} .

4. Proof of Theorem 3. With f(u) and h being defined as before, we put,
foru>h+1,

dYov ( y) log p,

pm<yh
p<y

f*(u) =sup{f(v):u—h <u <u}
and
fe(u) =inf{f(«'):u—h <v <u}.

In order to obtain Theorem 3, we have to estimate f(u) from above and below. To
this end we shall show in the next lemma that the functions f*(u) (resp. fu(u))
are essentially nonincreasing (resp. nondecreasing), and then deduce the required
estimate from a trivial estimate in the case of small .

LEMMA 6. Ify is sufficiently large, h* <u < y/2logy and 0 <t < h, we have
f1w) < fru—t)(1+O(h*/u))

and

fo(w) > fu(u—t) (1 + O(R*/u)).

PROOF. It suffices to prove these estimates in the case 0 < ¢t < 1/2, with
O(h3/u) instead of O(h*/u) as error term and for the slightly extended range
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h* — h < u < y/2logy; the general case follows by iteration. We shall only prove
the second estimate; the proof of the first is similar and slightly simpler.
Let u € [h* — h, y/2logy] and t € [0, 1] be fixed and let u; € [u — t,u] be such
that
flup) > (1= 1/u)inf{f(v'):u —t < u' <u}.

From Lemma 5 we get, assuming y to be sufficiently large,

(1tro(B)) rwy 2 fw) s & EE

uylogy gt
T p<y
1 logp
+ f* (u - t) ' E mao
ul logy vul—u+t<pm_<_yh p !
p<y

= fu) A + fu(u—t)y,
say. By estimate (v) of Lemma 4 and the definition of h we have

_ 1 logp _ 1-hy _ 1
/\+u_u110gypz ey =140 =1+0( 2 ).

m<yh
p<y

Moreover, using the inequality u; —u+¢ < t < 1/2 and the estimates for a,,, from
part (iv) of Lemma 4, it is easy to see that

1 logp 1 logp
K 2 E Qu > Z Guy 1 1’
u1 logy VI<P<y p u1 logy p<y pe -1

the implied constant being absolute. We therefore get

fulu—t) < i (1 +0 (%;) - ,\) flu)) = (1 +0 (%;)) flw).

f*(u) 2 min(f(ul)af*(u - t))a

Since

we conclude
folw) 2 (1+ O(h®*[u) fu(u — t),
as wanted.
PROOF OF THEOREM 3. The integral I(z,y) from the statement of Theorem
3 is connected with the function f(u) via the formula

u
¥(59) = S(w)exp { tog) [ awde} = fuyeltew),
1
Thus we have to prove the estimate
f(w) =exp(O(r°))  (1<u<y/2logy).
For 1 < u < h4, this holds trivially, since then
1< ¥(y*,y) < y* < exp(h®)

and
1<exp ((log y)/1 at dt) = exp(O(hu)) = exp(O(h®)).
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If now h* < u < y/2logy, y being sufficiently large, as we may assume, we obtain
by iterating the inequalities of Lemma 6 with ¢t = h,

1
u —nh

f*(u) < f*(uo)exp O | A Y

n>0
u—nh>h4

= 7*(uo)exp (0 (%) ) = 1*(uo) explO(k*))

and similarly
fu() 2 fu(uo) exp(O(h*))
for some wug satisfying h* — h < ug < h*. By the above treated trivial case, we have
f*(uo) = sup{f(v'):uo — h < ' < ug} = exp(O(h®))
and
fu(uo) = inf{f(v):up — h < <up} = exp(O(h®)).
We therefore get

f*(u) < exp(O(h?),  fu(u) > exp(O(h?)),

and since f.(u) < f(u) < f*(u), we obtain the required estimate f(u) = exp(O(h5)).
The proof of Theorem 3 is now complete.

5. Proof of Theorem 2: the key lemma. We keep the notations introduced
so far and define in addition, for us > u; > 1,

f‘(ulvUQ) = Sup{f(u):ul Su< ’U.2},

fo(ur,uz) = inf{f(u):u1 <u < ug}.
Thus we have, for u > h + 1,

frw) =fu—hu), fu(u)=fi(u-huv).
Let
Au) = f*(u) = fu(u) = sup{f(v') — f(u"):ru = h <u',u” <w}.

The quantity A(u) measures the oscillations of f(u) in the interval [u — h,u], and
we have to show that it is small compared with f*(u). To this end, we adapt an
idea of de Bruijn [2], originally used to show the convergence of solutions of certain
Volterra integral equations. Lemma 5 shows that f(u) satisfies indeed a kind of
Volterra equation. The argument, however, is more complicated than in de Bruijn’s
case, since the involved Volterra kernel is discrete instead of absolutely continuous,

and we have error terms to deal with. The key step in this argument is provided
by the following lemma, which may be compared with Lemma 1 of de Bruijn (2].

LEMMA 7. Let h% < u < y/2logy, y being sufficiently large, and suppose
A(u) > f*(u)u=1/10. Then there exists a number uy € [u — 1,u] for which at least
one of the estimates

(5) fHlun—1u) < <1+0<%4>> <f‘(u—2)—%3(/%)>
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and

u
holds, the implied constants being absolute.
PROOF. Let u satisfy the hypotheses of the lemma and define the sets
Ay = (' € fu—hu) f) > fulu) + 3AM)),
A_ = {u €u—h,ul: f(u') < f*(v) - 3A(u)}.
Moreover, put
Ay =As -0 ={u' - t:u' € A1,0 < t <},

where n = (y1/1%logy)~!.
By Lemma 3 and estimate (iv) of Lemma 4 we have, for u — h < v’ < u and
0 <t < 7,y being sufficiently large,

1) _ Y (My) / o ds)
u/—t

flw) Y(yv')
=14 O(tlogy) + O(y~'/3)
=1+0(y~1/19).
In view of our hypotheses on u and A(u), this implies
f' =) = f(u') + O(f*(w)y=/1)
= f(u) + O(Aw)ut/ 1y =1/19)
=16+ gy )
and hence
If (v —t) = f(u')] < A(u)/12,
if y is sufficiently large, as we may assume. Thus we have

1) 2 fulw) + 2 B0 g

for every v’ € A, and

Au)
4
fl) < f*(u) - Au)/4

for every ' € A_.
Applying Lemma 5, we obtain, for u — 2 < v’ < u,

h3 1 logp log p™
’ n- - ’_
f(u)<l+0<u)> u'logy,,E P’"""'f(u logy)

msyh

p<y
* * 1 lo m
< max(f* (), W) s O oo
P SyY
p<y
Aw) 1 logp
-2 e > v

r<y -
u/—~(log p)/(log y)EA_
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By Lemma 6 we have

Max(f*(u'), f*(u)) < f*(u - 2)(1+ O(h*/u)),

and from part (v) of Lemma 4 we get

! v l"g”=1+0(el-h)=1+0<%).

ul logy o pmaur
r<y
Putting
1 log p
Au)= ———
)= iy > 22 (acw),

r<vy
~(logp)/(logy)EA

we therefore obtain

) (1+0(2)) < a0 (140 (£)) - 2y

AW @ < Ag“) S fw2) <1+o<’i)>

Since

4 4 ~ 4

and, by hypothesis, u > h5 = (10logy)®, we can rewrite this as

(
f) < (1+o(%>> <f‘(u—2) A @, u)>

In the same way we get, for u — 2 < v’ <,

<1+0( )) (f.,(u 2)+A(“) (z:u)>.

Thus we see that (5) resp. are implied by

(6) inf{u(A7, u)iu — 1 <0/ S} >
resp.

(6) inf{u(Ay,u)un ~ 1< o S} > =,

and to obtain the assertion of Lemma 7, it remains to show, that for some u; €
[u — 1,u] one of these last two estimates holds. To this end we use the following
lemma.

LEMMA 8. Let A be any set of real numbers and set A = A — [0,n] with n =
y~/10log™ly. Let h < u < y/2logy and suppose A(AN[u — Lu— %)) > §,
where \ denotes Lebesgue measure. Then we have (A, u) > 4/u¥/4, provided y is
sufficiently large (in absolute terms).

Before proving this result, we show how it implies Lemma 7.

Suppose (6) does not hold for uy = u — } and let ug € [u — 3,u — 3] be
such that u(4_,ug) < 4/ud/4¢ < 4/u8/ 4. We shall show that then (6)’ holds for
u; = ug + 1 C [u—1,u]. As we remarked above, this is sufficient for the proof of
Lemma 7.
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Lemma 8 with A = A_ and u replaced by ug 1mplles, in view of our hypothesis
w(A uo) < 4ug>*, X (AN fuo — Luo — 3]) < L. Since, by the definition of Az,
AL U?C DAL UA_ D [u—h,u] D [up — 1,up — 1],

we conclude o
MArN[up—Lug -1 >3-1=35
But then we have L
MA R - 10 - 1) > 4
for every u' € [uo 2,uo + 2] and a second application of Lemma 8 now yields
(6)' for uy = ug + 3, as wanted.

PROOF OF LEMMA 8. Let A and u satisfy the hypotheses of the lemma. It
is easy to see that A can be represented as a union of disjoint intervals of length
> n and < 27. Let I be such an interval with endpoints t; and t;, and suppose
IC [u—l,u—%],sothatu—lgtl < tg Su—%, n <tz —t1 <2n. We then

have
Y logp> > logp

u—(logp)/(log y)€I yuTt2<p<yrThl

i eo(e)

by Hoheisel’s prime number theorem in the form, due to Heath-Brown (5],
E logp=z(1+0< )) (x> 2> 27/12)
r<p<zT+2z lng
and the inequality
y‘u—tl _ y‘u—tz Z yu—tz (yn _ 1) Z y‘u—tznlogy
= yu-tz—l/lo > y(u—tz)(1—4/10) > y(u—t2)7/12.

Therefore we get, uniformily for « € [0, 1],

logp 1 -t —t
2 e =g WMoy (140 logy

P<vy
u—(logp)/(logy)El

1 v ds " (u—t)(1-0)
1+0 —=(logy+0(1)) y “)dt

logy yu-ta 8% t

= (logy + O(1)) f Y902y,
I

Since the intervals I of the type described above are all contained in the set AN
[u—1, u— 1], and form a disjoint covering of the set AN[u—1+1n, u— -1,
we deduce

) logp

PSY pa

u—(logp)/(logy)EAN[u—1,u—1/4]
> (logy + O(1)) /_ yu-ni-dy
ANfu~1+n,u~1/4-9)

(logy + O(1))y*~*4(A(A N [u = 1,u — 1/4]) - 2n)

>
> 3(logy + O(1))y(1-=)/4,
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Now, according to Lemma 4(iv), we have a,, € (0, 1], if y is sufficiently large and
u € [h,y/2logy], as we have assumed. Thus we can apply the above estimate with
a = a, and obtain

1 1 logp
pwlAnN [u—l,u——] ,u> =
( 4 ulogy ; pou
u~—(logp)/(log y)EAN[u—1,u—1/4]

(l_au)/‘l
>(iio( L))y .
8 logy u

Since, by estimates (ii) and (iv) of Lemma 4 and our hypothesis u > h = 10logy,
y(Imou)/4 5 o8u/d > (4g,)V/4 > (ulogu)l/4
> u!/4(loglog y)*/4,

the desired inequality
w@AN[u—1,u—1/4],u) > 4/u3/*

follows, provided y is sufficiently large.
This completes the proof of Lemma 8.

6. Proof of Theorem 2. Conclusion. Theorem 2 will be an easy consequence
of Theorem 3 and the following

LEMMA 9. Let h1% < u < y/log2, y being sufficiently large, and suppose
A(u—h) > f*(u—h)(u— h)~/10. Then we have
A(w) < Alu — 2h)(1 - u=5/8).

PROOF. Let u satisfy the hypotheses of the lemma. Applying Lemma 7 with
u — h in place of u, we see that for a suitable u; € [u —h — 1, u — h] at least one
of the estimates

M f-Lu) < (1+0<%4>) (f*(u_h—z)—%/}’ﬂ)
d

?:)’ fulur = Lug) > (1+0<%4>> (f,.,(u—h—2)+é_(:3/+h))

holds. We shall show that (7) resp. (7)’ imply (for sufficiently large y)

(8) fru) < (1+0<%5)> <f*(u—2h)—_ﬁ_§}‘5_)>

resp.

(8) fulu) > <1+0<%5>> <f*(u—2h)+i4(—72>.

Either of these two last estimates yields the assertion of the lemma. Suppose, for
example, that (8) holds. By means of Lemma 6, we get

Au) = f*(u) = fu(u)
< (1 +0 <h—6>> F*(u— 2h) - ﬁf}? — fu(u—2h)

u

— Au—2h) — ﬁf}? +0 (M)
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Since
f*(u—2h) < f*(u—h) + A(u—2h)
< A(u—h)(u—h)Y10 + A(u — 2h) = O(A(u — 2h)u'/*0),
the desired inequality
A(u) < Au — 2h) (1 - u—s/e)

follows, provided u > h!%0 and y is sufficiently large, as we have assumed in the
lemma. A similar argument applies in the case (8)’ holds.

It therefore remains to prove the implications (7) = (8) and (7)' = (8)'. We
shall only prove the first one; the proof of the second is similar.

Suppose that (7) holds for some u; € [u — h — 1,u — h]. Put, for n > 1,
up = ug + (n —1)/2, and define A, by

frur = Lug) = f*(u = 2h) — Ap.
Let N = [2h + 1]. We shall show (for sufficiently large y)

9) av> 20 o (”“‘TW’)

SV

Since, by the definition of uy,
u1+h—%§uN§u1+h§u§u1+h+1,

we get from Lemma 6

r < (1+0(5)) < -1 (1+0 ()

u

= (f*(u—2h) — Ay) (1+o <f‘f)>

u

Thus we see that (8) follows from (9), and it suffices to prove the latter estimate.
By Lemma 6 and the inequality h + 2 < 2h, we have

fr(u—h—2) < f*(u—2h)(1+O(h*/u))
and
A(u—h) > A(u) + O(f*(u — 2h)h* /u).
Hence (7) implies
Al = f‘(u - 2h) - f*(ul - l,ul)
S A(u—h) L0 <f*(u— 2h)h5>
u

Y2

2 80 o (S8,

We shall show
n * _ 4
(10) Ans1 > An (1 _ (.9_) ) 10 (W—%)h)
10 u
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unformly for 1 < n < N — 1. This together with the above estimate for A; yields

An 20 ] (1-(1%>">+0<N.J“(“+h)h4>

(- (3)) o (522

and hence (9), if y and therefore u(> h1% = (10logy)1%?) are sufficiently large.
Let 1 <n < N —1 be fixed. For the proof of (10) we may suppose A, 11 < Ay,
ie.
f*(u - lau‘n+l) > ft(ul - laun)'
This means that for some v’ € (up,un+1] we have
(w1 — Lunsr) < F(W)(1+ 1/u).
By Lemma 5 and the definition of A,, we have

fr(u=2h) = Ay = f*(u1 = Litng1) < f(u)(1+ 1/u)

_ h3 1 logp ( , logp'">
= <1 +0 <'J>> u'logy sz<:h PO flu log y
PS_:

< (1 +0 <h§)> {f*(ug — Luns1) A + f (w1 — Lup)de + f*(ug — 1)A3}

u

S <1 + 0 (ha)) (Al + /\2 + /\3) max(f‘(u - 2h),f"(u1 - l)) - /\lAn+1 - A2An,

where ) l
ogp
A= — ,
1 u' log y Z] pmau'
1 logp
mmgem % ,
v logy ¥ —un cpmgyy/ —(u1-1) pmau
PS_II
and
Ae = 1 E log p
ST W logy pmaur
yu’—(u1—1)<pm5uh

p<y

Since, by Lemma 6,
4
max(f*(u — 2h), f*(u1 — 1)) < (1 +0 <%>) f*(u—2h)

and since

1 1 m
AMtA+ A= —7— E 08P

Il mo,,/
wloey pm<yh P
p<vy

1 log p
< =1,
= E Q.
u logypsyp 1
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we deduce

fr(w—2h) = Apy1 < (1 +0 (%4)) F*(w—2h) = MAnt1 — A2,

and hence \ F*(u— 2h)he
2 *(u -
> —_— .
An+1-1—)\1An+O< u(l—/\l) >
Thus, to obtain (10), it suffices to show
(11) 1-A>1 2oy (2 n.
’ 1-)2 — 10

Using estimates (iv) of Lemma 4 and the inequality v’ — un < tnq1 —un < 3,
we get, for sufficiently large y,

1 logp
1- Al '>_ 1- / Z mao,,:
u logypmsﬁp u

_ 1 logp 1 logp
- u'logy Z pmey! > u'logy Epau: -1 1,

m>VE p<y
p<y

i.e. the first part of (11). To prove the second part, we first note that for every
fixed p < y and t > 0 we have

s L 1
= P - pmo(t)a“/(l — p“au')
pm>yt

with

1
mo(t) = [ k:;g;’] +1

It follows that, if ¢ > 1, then

1 1/2)— t ' 1
Z o =p(mo( /2)—mo(t))a, E e

m2>1 m>1
pm >yt PM>VT

3 - ’ bl ! l
< min (y(l R /4) ) e
m>1
P>V
In view of the inequalities v’ —u, < 1/2 and v’ —u; +1 > (n+1)/2 > 1, we
therefore get

-1

Az _ > log p ) logp
1-) - ma,,/ ma, s
1 ”u’—un<pmsvu’-—u1+l p * pm>vu'—un p *

p<y p<y

-1

1 1
=1-Dlgp D o[ Xleer 3
< m>1 < m>
i pm>yv —u1tl i p"‘>v"'l"‘"

> 1 - min (y-mew/2, ymow/4),
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Since, by part (iv) of Lemma 4, o, > 1/(logy) for sufficiently large y, we have

1 1 9\"
: 1=n)oy /2 , —oyr/4 : R 9
min (y( n)ay/ Y / ) < min <—e("‘1)/2’el/4> < <10>

and hence n
S (2)
1-X — 10

Thus (11) is proved and the proof of Lemma 9 is complete.
PROOF OF THEOREM 2. Putting z = y*, ¢ = 4%, we have to show that

\I,(yu,y) — g tau—t 1
wyty) Y O

holds uniformly for 0 <t < 1and 1 <u—t < y/4logy. We shall prove this for the
slightly larger range 1 < u < y/2logy, 0 <t < min(u —t,1).

As we mentioned already, we may assume, without loss of generality, y to be
sufficiently large. Moreover, if 1 < u < exp vk = exp +/10logy, then the asserted
estimate is an immediate consequence of (1) (which is valid in this range) and the

estimate
p(u) —t€&y 0 1 — tlaw_¢—1) ( ) <l>>

which follows from [1, Lemma 3] and Lemma 4. It remains therefore to treat the
case exp Vh < u < y/2logy with y sufficiently large.
By the definition of f(u) and part (iii) of Lemma 4, we have

Yory) | f() u
Tty Tw-0 P {“"gy) / % ds}

= L))y“"“~¢ (1 +0 <£19%’-‘X>> _

flu—t
Since
f(u) fr(u) = fu(u) Au)
‘f(u—t) I =) Bl I O X7
the result follows, if we can show
(12) A(u) = O(f* (w)u=11°)

for exp vh < u < y/2logy.
To prove (12), let u € [e‘/ﬁ,y/2log y] be fixed and put, for n > 0, up, = u — nh.
Let N = 2[u6/ 7] and note that by our hypotheses on u and y
Up > un > u— 2u87 > p10 (0<n<N).
If
Aun) > f*(un)u, 1 (1<n < N),
we get from Lemma 9

1 1
A(uzn) < A(uz(n+1)) (1 - 5—/6> < A(ug(ntr)) exp <_W> (0<n<N/2)
Uon
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and hence
A(u) = A(ug) < A(un)exp (—%) < A(uy) exp(—u/4?).
This implies (12), since by Theorem 3 and our hypothesis u > evh,
A(un) < f*(un) = exp(O(h®)) = f*(u) exp(O(h®)) = f*(u) exp(O((log u)'?)).
Suppose now that, for some n € {1,...,N}
Aun) < f*(un)ug /1

holds. Applying Lemma 6 repeatedly, we see that
. . nh?
Alu) = A(uo) = £*(uo) = £o(ue) < f*(an) (140 (2] ) ~ £
* 4 *

u1/10
and further
F*(un) = fu(un) + Alun) < fu(un) < fuluo)(1 + O(h*N/u))
< fu(uo) = fulw) < f*(u).

Thus we obtain again (12).

The proof of Theorem 2 is now complete.

NOTE ADDED IN PROOF. This work was completed in March 1984. Since then,
G. Tenenbaum and the present author, using a different, analytic approach, have
obtained an asymptotic formula for ¥(z, y), valid uniformly in z > y > 2. It follows
from this formula that the estimate of Theorem 2 holds in the stronger form

lo 1
= a(x’y) ﬂ _ogy
Y(e,z,y) =c¢ U(z,y) (1+O<loga:>+0< ” ))

uniformly for £ > y > 2 and 1 < ¢ < y. These results appear in a paper entitled On
integers free of large prime factors, Trans. Amer. Math. Soc. 296 (1986), 265-290.
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