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ON THE LOCAL BEHAVIOR OF 9(x,y)

ADOLF HILDEBRAND

ABSTRACT. ty(x,y) denotes the number of positive integers < i and free

of prime factors > y. In the range y > exp((loglogx)5T3+£), *9(x, y) can be

well approximated by a "smooth" function, but for y < (logx)2-e, this is no

longer the case, since then the influence of irregularities in the distribution

of primes becomes apparent. We show that *¡>(x,y) behaves "locally" more

regular by giving a sharp estimate for ~i/(cx,y)/^/(x,y), valid in the range

x > y > 4 log x,  1 < c < y.

Introduction. The function W(x, y) denotes the number of positive integers < x

having no prime factors > y. Many arithmetic problems require accurate estimates

for ty(x, y), and the study of this function has been the object of numerous articles.

A survey of the most important results as well as an extensive bibliography can be

found in Norton's memoir [8].

It turns out that *(x, y)/x, i.e. the "probability" for a positive integer < x to be

free of prime factors > y, depends essentially on the ratio log x/ log y. Dickman [4]

showed, that for every fixed u > 0, the limit limv_00 ^(yu,y)/yu exists and equals

p(u), where p (the "Dickman function") is defined by

p(u) = 1    (0 < u < 1),        p continuous at 1,

..  . p(u - 1) ,        ,.
//(«) = -      u (u>l).

De Bruijn [3] established the quantitative estimate

(i) nyu,y) = yuP(u){i + oe(^^

for the range y > 2, 1 < u < (logy)3/5_£, where e is any fixed positive number. In

[7], this range was extended to y > 2, 1 < u < exp(logy)3/5_£.

It is natural to ask whether these results can be further improved and, in par-

ticular, for what range relation (1) can possibly hold. The upper bound u <

exp(logy)3//5_£ in the last mentioned result arises from the sharpest known form

of the prime number theorem and could be replaced by u < y1//2_£, if the Rie-

mann hypothesis is assumed. However, one cannot go much further, and it seems

likely that for u sb ^/y relation (1) no longer holds. In fact, it appears that for

u > y1/2+e, ty(yu,y) becomes strongly dependent on the irregularities in the dis-

tribution of primes and cannot be well approximated by "smooth" functions. In

Theorem 3 we shall give an estimate, which clearly exhibits the connection between

^{yuiy) and the distribution properties of the prime numbers.
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The "local" behavior of ^(x,y), i.e. the behavior of ^(x',y)/$(x,y), where x'

is, in some sense, "close" to x, turns out to be more regular and can be quite

accurately determined, even in a range where no good approximation for ^(x, y) is

available. This has been first noticed by Hensley, who showed recently [6, formula

(11.5)] that the relation

logyx 1
*(cx,y)=c1-Ml4-C»nj

>gx,

holds, with a suitable 9 = 6(x,y), uniformly in the range

(logx)4 <y <exp((logx)3/4),        1 < c < 2.

The lower bound y > (log x)4 appears to be the limit of Hensley's method. Our

main object is to prove, by a completely different method, a result of the same type,

but for the range y > 4logx.

We first derive an upper bound for $f(cx,y) in the form of an exact inequality,

which is valid, whenever y is sufficiently large, x > y and c not too close to 1,

without any further condition on the relative size of x and y.

THEOREM 1. The inequality V(cx,y) < c^(x,y) holds for all x,y and c satis-

fying x > y > yo, c > 1 4- exp(—>/logy), where yo is an absolute constant > 2.

In our second and main theorem we give a sharp estimate for ^(cx,y)/^(x,y),

which is essentially the same as Hensley's estimate with a slightly weaker error

term, but valid in a substantially larger range.

THEOREM 2.   Uniformly for x > e4, 4logx < y < x, 1 < c < y, we have

'logyxl/10N
*(cx,y) = c«x*H(x,y)(l + oU j

logx

where a(x,y) is the (unique) real number satisfying

Y      l0gP      =1okx2^ p«(x,») _ i    10gx-

p<y

By iterating the estimate of Theorem 2, one can obtain estimates for

í'(cx,y)/,í(x,y) in the case c> y. One could even deduce an estimate for ^(x,y)

itself, but this would be much weaker than that given in Theorem 3.

If x is large compared with y, then the estimate of Theorem 2 is surprisingly

sharp. For example, in the case x = exp(y'7), where 7 G (0,1) is fixed, the error

term is of order 0((y~7logy)1/10) and hence considerably smaller than the error

term in (1). For small x, x < exp((logy)20) say, the estimate of the theorem

becomes less effective, but in this range (1) can be applied.

The quantity a(x, y) is defined by a prime number sum and depends on the

behavior of the error term in the prime number theorem. It is not difficult to

replace in the estimate of Theorem 2 a(x, y) by a smooth function, at the cost of a

weaker error term. Indeed, one can show (cf. Lemma 4) that, under the hypotheses

of Theorem 2, we have

a(x,y) =l-J±-+0 (V—) +o(-)+ 0(exp(-v/bg"
logy \ulogyJ \yj

y)),
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where u = logx/logy, and £u is the positive solution of eiu = u£u + 1- According

to [1, Lemma 3], the estimate

p(u + t) _et£u+t (,  , r.flW _jiu (%  , ni1,£.+.(1+o(i))=e«.(1+o(i))
/o(u)

holds uniformly for u > 1 and 0 < í < 1. Thus we see that, for 1 < c < y,

and after a slight change in notation, we arrive at the following corollary to Theorem

2:

COROLLARY.   Uniformly for y > 2, 1 < u < y/41ogy, u < u' < u 4-1 we have

*{yu',y) _yu'pW) fu0(  1  V 0fu(u'-u)iogy
v(yu,y) "" yup(u) V       \ul/107      V       y

+ 0 íexp (-^^/lojy'jjj .

This result shows that in the range 1 < u < y/41ogy, \I>(yu,y) behaves "locally"

like yup(u), although the relation ty(yu,y) ~ yup(u) is known to be valid only for

a much smaller range.

The proof of Theorems 1 and 2 is based on the identity

(2)      vi/(x,y)logx=  r*Mdi+ £ *(JL jAiogp       (x>y>2),

which can be easily established starting from the weighted sum ^logn, where the

summation runs over all positive integers n < x, which are free of prime factors

> y (cf. [7]).
By a repeated application of this identity, one can reduce an upper bound

for supx>y(*(cx,y)/*(x,y)) to an upper bound for sup3/<I<y2(#(cx,y)/1'(x,y)),

which is not difficult to establish. This method leads in a fairly simple way to the

assertion of Theorem 1.

The proof of Theorem 2 is much more complicated. The main reason for this lies

in the fact that the error term in the asserted estimate decreases with x, when y is

fixed. The method of reducing such an estimate by means of the identity (2) to the

case of small x, can no longer be applied, since the error term would be relatively

poor for small x and would certainly not decrease, when x gets larger. Instead of

"descending" down to small values of x, we shall therefore descend from a given

x only down to a certain x', which will be of order xexp( —(logx)1) for a suitable

7 G (0,1). Using an idea of de Bruijn [2], we shall then show that the error term

in the desired formula for x must be substantially smaller than the error term for

x', if it is not very small itself. To obtain the required estimate, a relatively crude

estimate of the error term for x' will then be sufficient. This is achieved by the

following estimate for Vt^y), which is of interest by itself.

THEOREM 3.   Uniformly for x > e4, 2logx < y < x we have

*(x,y) = exp{7(x,y) 4- 0((logy)5)},
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where

Kx,y)=lyX(^yidt.

This result may be compared with the sharpest previously known estimate for

^(x,y) in the range x > 3, (logx)1+£ < y < x, namely (cf. [7, Theorem 2] and the

subsequent remarks)

(3)     log*(x,y) = log(x/9(u))4-0£(uexp(-(logu)3/5-£))       (u = logx/ logy).

(3) could be easily deduced from Theorem 3 in the case u > exp \/log y, and follows

from (1), if 1 < u < expv^ogy. For large u, the error term in Theorem 3 is

considerably smaller than the error term in (3). We have to however keep in

mind that the function I(x,y) is not "smooth" and depends on irregularities in

the distribution of primes, whereas in (3) the influence of such irregularities has

to be absorbed by the error term. Due to these irregularities, the function I(x,y)

"oscillates" around a smooth approximation Io(x,y), and it can be shown that for

u — logx/log y > y1/2+£ these oscillations are of larger order than the error term

in Theorem 3. Thus Theorem 3 justifies, in a sense, our earlier assertion, that for

u > y1/2+£, 'i(yu,y) cannot be approximated too well by a smooth function.

2. Proof of Theorem 1. We first remark that it suffices to prove the theorem

in the case c < 4; the extension to c > 4 follows by iteration.

Put, for c > 1, y > 2 and u > 1,

q(c,y;u) = V(cyu ,y)/^(yu ,y)

and

q*(c, y\ u) = sup{<7(c, y; u'): 1 < u' < u}.

We have to show that for y > yo, 14- exp(-v/Iogy) < c < 4, u > 1, we have

q*(c, y; u) < c. We shall prove this in two steps, given by the following two lemmas:

LEMMA 1. If yo is sufficiently large and y > yo, 1 + y~x^3 < c < 4, then we

have q*(c,y;u) = q*(c,y; 2) for every u > 2.

LEMMA 2. If yo is sufficiently large and y > yo, 14- exp(--v/logy) < c < 4,

then we have q*(c,y\2) < c.

PROOF OF LEMMA 1. Applying the identity (2) twice on taking x = cyu and

x = yu, as well as the inequality

*(ci,y) < q*(c,y;«)*(*,y)        (y < t < yu),
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we get, for c > 1, y > 2 and u > 2,

f/(c,y;u)4'(yu,y)log(cyu) = tf(cyu,y)log(cyu)

/" t
-dt+    E    *(^.2/)logP

pm<cyu

p<y

H   V(ct,y)

Jl/c t
ptn < cy u

p<y

P"

dt+ E *(^)logp

< 9*(c,y;u) {
/J u

yU*(t,y)

dt E *(^W
pm<yu     1

> 4-Ä(c,y;i

<9*(c,y;u)#(yu,y)logy"4-fl(c,y;u),

where

R(c,y;u) Iy  V(ct,y)

7iu-l <pm<cyu
t

-dt E 1 °j^'y

In view of the trivial estimate q(c, y; u) > 1, we therefore obtain

, v   ,   ,/ , R(c,y:u) loge

*(y",y)logy"     logy"

We shall presently show that the estimate

(4) i?(c,y;U)«*(y",y)^f

holds uniformly in the range 1 < c < 4, y > 2, u > 2. (4) implies that for

y > 2/0, l-l-y-1^3 < c < 4, u > 2, the quantity R(c, y; u)/$(yu, y) -logc is negative

and hence q(c,y;u) < q*(c,y;u). This means that the function u t-> q*(c,y;u) is

nonincreasing and therefore constant for u > 2, as we wanted to show.

It remains to prove (4). From the trivial estimate *(i, y) <t and our assumption

1 < c < 4 we get

R(c,y;u)<  i" cdt+        £        (^) logp
Jl/C yu-l<pm<cyu    \P       J

<4y + 4yu(logy)J2     E     ¿-

The double sum can be estimated by

p<3/ m>l
pTTl>yU-l

< V-r <
p<yy

y2~u

but also by

<

logy'

pm>yu
yy<p<ym>2 '

«
y

3/2-u

logy
+ 2T1/2«2/-1/2,
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since u > 2. Hence we obtain

R(c, y; u) « y 4- yu min(y2-u, y~x/2 logy)

<min(y2,yu-1/2logy).

This together with the crude estimate

(l<«<5/2),*(yu,y)

>*(y5/2,y)»y5/2    (u > 5/2)

yields (4) and thus completes the proof of Lemma 1.

PROOF OF LEMMA 2.   By the inclusion-exclusion principle we have, for y <

x < y2 and 1 < c < 4,

9(x,y) = [x]-    Yl
y<p<x

and

#(cx,y) = [ex] -    Y2
y<p<cx L

CX

P
O    x ¿-^   p

,y<p<cy J
A sharp form of the prime number theorem shows that the error term in the second

formula is of order

O (x{-^¥-) 4- 0(xexp(-2v/loi^)).
V    log y /

Moreover, we have

£
y<P<x

= £ E' = E £ '
y<p<xn<x/p n<xy<p<x/n

¿- ;„    log *
n<x/y    y

= f[j]^+0(*

4-0(xexp(-2VWy))

and similarly

E
y<p<ci

Thus we see that

ex

P -/ Jy

= ./

iJ logi

í J logi

X

UJ

d<

log(ci)

4-0(xexp(-2v/íoiy))

4-0(xexp(-2v/íoiy)).

*(ci, y) - c*(x, y) = c(/i - 72) 4- O   x
(c-l);

log2 y
4-0(xexp(-2v/iögy)),

where

h
Jy logt      log (ci)

dt
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and

We have

I/A*
dt

log(ci) '

h <x(logc) /

= ^c)(^-éz)<X   l0gC

and

If now x > 3y, then

t log"* t

l_

logy     logxj ^2   logy

log(yc) Jy/c \1       I

= ioiR(Xl0gC-2/+!)

^xioge/ _y\ + 0(xJegiy
logy  V      x/        V log^y/

/i-/2<-^(    +0
6 logy V \logy

and we obtain \P(cx, y) < cNi^x, y), provided y > yo, 14- exp(—-^/logy) < c < 4 and

yo is sufficently large. If y < x < 3y, then we have

/   loge

V log y

j2> f     *    x     I      f t     ̂
Jy/clog(ct)      log(cy) V       c/

> x      loge   = x    loge /   loge

3   log(cy)      3   logy \ log2y

and under the above hypotheses on c and y, we get again the inequality Ü>(cx, y) <

c^(x,y). Thus we have proved (under the stated hypotheses)

(q*(c,y;2)=)   sup   |fe£ < e,

i.e. the assertion of Lemma 2. The proof of Theorem 1 is now complete.

For later use we state the following lemma, which is an easy consequence of

Theorem 1 and Lemma 1.

LEMMA 3.   The estimate

9(cx, y) = 9(x, y)(l + 0(c - 1) 4- 0(y~1/3))

holds for all c > 1 and x > y > yo, where yo is a sufficiently large constant.

PROOF.   The lower estimate is trivial, since the function x •-» ^(x, y) is non-

decreasing.   In the case c > 1 4- exp(-v/logy), the upper estimate follows from



736 ADOLF HILDEBRAND

Theorem 1.  Moreover, if 1 4- y  1//3 < c < 1 4- exp(-v/Iögy), then Lemma 1 to-

gether with the trivial estimate

9*(c,y;2) =   sup   *&">*}
v  y   '    i<u<2 *(yu,y)

^fw,y)+    E    i)
'V   \ y"<n<cy"    J

< sup
i<u<2 w(y

/       (c-l)y"4-l
< sup     14- v   T,        ,
_i<u<2\        V(yu,y)

= l + 0(c- 1)4-0 f-
\y

yields the desired upper estimate. Finally, if 1 < c < 1 4- y-1^3, the result follows

from the inequality yi(cx,y) < $((1 4- y_1/3)x, y) and the already proved cases.

3. Proofs of Theorems 2 and 3. Beginning. We shall consider the variable

y as a parameter and keep it fixed throughout the proof. We may suppose for the

proofs of both theorems y to be sufficiently large. All estimates in the sequel are

understood to hold uniformly for all sufficiently large y. With these conventions,

we shall, in general, not indicate an eventual dependency on y in the notation; in

particular, we put au = a(yu,y).

We start with some simple estimates for the quantities £u and au = a(yu,y).

Recall that £u is defined by the equation eiu = u£u 4- 1.

LEMMA 4.   We have

(i) £u~logu        (u->oo),

<"'    s¡f»=Ki+o(¿))  (uï2)-

(iii) 0 < ^-au « - ( 1 < u <

(iv)

du u \ 2 log y

Q" = 1+0(¿)    (1SuS2)'

logy        \log2y

<l-i^4
logy        \log2y/ V 21ogy7 '

1 y,     logp   < ef_t
ulogy   ¿—'   pma" —

pT">V'

P<V

(y sufficiently large, 1 < u < y/21ogy, t > 1),
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(vi) au = 1 - A- 4- O (^—) +o(-)+ 0(exp(-v7^))
logy      Vul°gy/      \yJ

(l<u<y/2logy).

PROOF. For sufficiently large u we have

elogu < ulogu + 1,        eiog(«iog2«) > ulog(ulog2u) 4-1,

so that

logu < iu < log(ulog2u).

This yields the relation £u ~ logu (u —> oo), stated in part (i) of the lemma. Taking

the derivative on both sides of the equation defining £u, we find

cd d
e " ~r~ Çu = su + t*"?- su,

du du

whence, for u > 2,

du eî« - u      u(£u — 1) + 1      u\ \logu

which is estimate (ii) of the lemma.

Differentiating both sides of the identity

logp

i
p<y

with respect to u, we get

**•-££?!

""-IE 5=^

and hence

pa« log2 p \   d
a*

(pa« - 1)2       dli

d      wi      J/,    ,ir   l°gP
0<£au<(logy)    (log2)£   .

_ (lbg2)-x ^ 1

u u

i.e. part (iii) of the lemma.

The lower estimate

au>^+0(l) (l<u<     y
Vlog2y/logy \log2y/ V 21°gy

follows from the inequality

y^..i_y^   logp

p<y

1
>

j: > U log y =   >     -t

P<2/

^S'ogp=^(1+0(¿))'

and a similar argument yields the other estimates in part (iv).
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(v) follows from the inequality

1      V    V — < _1 1      Y    l0g P    =y(x-t^
it log y z-'   t—' pma» - y(t-i)au ulogy ■^ pa" - 1

p<y  m>i p<y
Pm>yl

and the lower bound for au given in part (iv) of the lemma.

It remains to prove formula (vi). This formula holds trivially, if 1 < u < 2, since

in this range £u is bounded and, by part (iv) of the lemma, 1 - au = 0(1/logy).

If 2 < u < y/2logy and y is sufficiently large, as we may assume, then we have, by

the second estimate of part (iv),

<au<l
logy 2 log y

In view of this inequality, we readily obtain, by partial summation and a strong

form of the prime number theorem,

ul°gy = E ¿^T = U + 0(exp(-VïoJy))) f t^t + 0(1)
P<yP J2

1 + K^)+0(exp(-Ä,,)f?^T

1 + ° (ïïb) + °(»p(-vWï» + o („-) + o („--')) f-^L.
The last two error terms can be estimated by

y y     J2   t^-1 y

and

a -i 1      Í fy     dt    Y1       1

get

« ulogy = ^- (l 4- 0 (^ + O {^f^j 4- 0(exp(-v^))) •

yi-o.» _ i

Hence we get

y1""" _..,_y1_au /, , „f^ , ^/^logy

1 — a,

Putting

(l-a„)logy'

we have, by the definition of £Ul,

l-<*u = (v/logy,

and the above estimate implies

1«^ = 1 +
iti

o(i)4-o(^)+0(exp(-v4o^)).

In view of part (ii) of the lemma, we therefore obtain

,                      su           íuj -íti    „  |«-«l| + l
1 - a„ - :- = —j-<

logy logy «log y

= 0 (V—) + O (-) 4- 0(exp(- v7^)),
Vulogy/        Vy/
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i.e. the desired formula. This completes the proof of Lemma 4.

Define, for u > 1, f(u) by

tt(y",y) = /»expi(logy) /   atdt

Theorems 2 and 3 can be easily reformulated in terms of f(u): Theorem 3 is

equivalent to the estimate

f(u) = exp{0((logy)5)}       (1 < u < y/21ogy),

and Theorem 2 roughly says that the function f(u) does not change too rapidly. The

starting point for the proof of both results is an approximate functional equation

for f(u), given by the following

LEMMA 5.   Put h = 10 log y and suppose y is sufficiently large.  Then we have,

for hs < u < y/2 log y,

i+o(?))'<«>**»"= £ ££tf- ""'
u  I I ^—'    pmQ"     V log V

'   ' p"»<vh   r x ° "

P<V

PROOF. The proof is based on the identity (2), which can be written as

\P(y",y)logyu= f  ^Mdt +   £   *(^,y)logp       (u > 1).
Jl l pm<yu \P /

P<V

We shall show that for h3 < u < y/2 log y the main contribution to the right-hand

side comes from the part of the sum corresponding to pm <yh.

The above identity implies

*(yu,y)logy"> J]*(^,y)logp

P<y     V P     '

> *(yu-\y) J>gP = *(yu-\y)y (i + o (¿))

for every u > 1. If now, according to the hypothesis of the lemma, y is sufficiently

large and u < y/2 log y, it follows that

*(ifu_1,y)<§*(vu,v)>

and by iteration we get

•(t-»)s(ï) *<!A,')

for 1 < t < yu. Thus we see that

(3) T«*(y",y)logy.
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Moreover, we have, for h < u < y/2 log y,

[h]

so that

/2V1
*(yu~\y) < {3)   *(yu,y)

= *(y",y)exp(-[lOlogy]log(0) « ^^

E   *(^yW<*(yu-\y)E E 1osp
yh<pm<yu ^r / V<V      "»51

p<V P>"<VU

<*(y-h,y)E^yu«*{yU,y)l0gyU-

yp<y

We therefore arrive at the estimate

l + oQ))*(y",y)logyu=   £   * (^, y) log p,
prn<yh

P<v

valid, whenever y is sufficiently large and h < u < y/2 log y. The asserted formula

now follows on noting that, by definition of f(t) and estimate (iii) of Lemma 4, we

have, for h3 <u < y/2 log y and 1 < t < yh,

ru

(logy) /
J u—

exp{ -(logy) / asris
*(yu/t,y) _f(u-(logt)/(logy)\

pu

exp{-(logy) (au + 0(^-r^-))ds
Ju-[

*(yu,y) f(u) { y„-(iogt)/(iogu)

7W ( 7u-(logt)/(log!/)

_ /(u-(logi)/(logy))

■¿-i°(?)î

4.   Proof of Theorem 3.  With f(u) and /i being defined as before, we put,

for u > h 4-1,

f*(u) = sup{/(u'): u - h < u' < u}

and

/.(it) = inf{/(«'):u- h<u' < u}.

In order to obtain Theorem 3, we have to estimate f(u) from above and below. To

this end we shall show in the next lemma that the functions f*(u) (resp. f*(u))

are essentially nonincreasing (resp. nondecreasing), and then deduce the required

estimate from a trivial estimate in the case of small u.

LEMMA 6.  7/y is sufficiently large, hA <u< y/2 log y and 0 < t < h, we have

r(u)<f*(u-t)(i+o(h*/u))

and

f.(u)>f.(u-t){l + 0(h4/u)).

PROOF.   It suffices to prove these estimates in the case 0 < t < 1/2, with

0(h3/u) instead of 0(h4/u) as error term and for the slightly extended range
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h4 - h < u < y/2 log y; the general case follows by iteration. We shall only prove

the second estimate; the proof of the first is similar and slightly simpler.

Let u G[h4 - h, y/2 logy] and t G [0, \) be fixed and let Uf G [u — t,u] be such

that

f(ui) > (1 - 1/u) inf{/V): u - t < u' < u}.

From Lemma 5 we get, assuming y to be sufficiently large,

P<V

(      A        l V* logp
+ f*^u~ >' uAogy ^ pmQ"i

y«l-« + «<p"><»''

P<«

= f(ui)\ + f*(u-t)p,

say. By estimate (v) of Lemma 4 and the definition of h we have

A + M=^-   E   Jm^L = l + 0(e1-h) = l + 0(±).
uilogy   *-^   pma"i \u)

pm <y™

P<V

Moreover, using the inequality u\— u + t <t < 1/2 and the estimates for aUl from

part (iv) of Lemma 4, it is easy to see that

a>    1     y !^»    1   r  lQgp  =i
Ul l0g y J?P<y pÖU1        Ul l0g y P<y paU1 ~ 1

the implied constant being absolute. We therefore get

,.(„_«)< I (r + o (£)-a)/(ui) = (i +o (£))/(„,).

Since

/,(u) >min(/(ui),/.(u-i)),

we conclude

f4u)>(l + 0(h3/u))f.(u-t),

as wanted.

PROOF OF THEOREM 3. The integral 7(x,y) from the statement of Theorem

3 is connected with the function f(u) via the formula

*(yu,y) = /(«)exp|(logy)yUatá¿J = f(u)eI{-x»\

Thus we have to prove the estimate

f(u) = exp(0(h5))       (l<u< y/2 logy).

For 1 < u < h4, this holds trivially, since then

i<*(yu,y)<yu<exp(/i5)

and

1 < exp ((logy) /   at dt) = exp(0(hu)) = exp(0(h5)).
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If now h4 < u < y/2 log y, y being sufficiently large, as we may assume, we obtain

by iterating the inequalities of Lemma 6 with t = h,

r(u)<r(u0)exP Uh4    g    ~

V      V      u-nh>h4 j j

= /'(«o)exp (o (^4Í2P)) = r(u0)exp(O(h4)),

and similarly

/.(«)> f,(u0)exp(O(h4))

for some uq satisfying h4 - h < uo < h4. By the above treated trivial case, we have

f*(u0) = sup{/(u'): wo - h < u' < u0} = exp(0(ft5))

and

/.(u0) = inf {/(«'): uo -h<u' <u0}= exv(0(h5)).

We therefore get

/*(«) < exp(0(h5)),    /.(«) > exp(0(/i5)),

and since /»(u) < /(u) < f*(u), we obtain the required estimate f(u) = exp(0(h5)).

The proof of Theorem 3 is now complete.

5. Proof of Theorem 2: the key lemma. We keep the notations introduced

so far and define in addition, for u2 > ui > 1,

f*(uf,u2) = sup{/(u):ui < u < u2},

f*(u\,u2) - inf{/(u):ui < u < u2}.

Thus we have, for u > h 4- 1,

f*(u) = /*(u - fe,u),     f»(u) — /.(u - fe,u).

Let

A(u) = /*(«) - /,(«) = sup{/(u') - /(u"):u- ft < u',u" < u}.

The quantity A(u) measures the oscillations of f(u) in the interval [u - /i, u], and

we have to show that it is small compared with f*(u). To this end, we adapt an

idea of de Bruijn [2], originally used to show the convergence of solutions of certain

Volterra integral equations. Lemma 5 shows that f(u) satisfies indeed a kind of

Volterra equation. The argument, however, is more complicated than in de Bruijn's

case, since the involved Volterra kernel is discrete instead of absolutely continuous,

and we have error terms to deal with. The key step in this argument is provided

by the following lemma, which may be compared with Lemma 1 of de Bruijn [2].

LEMMA 7. Let h5 < u < y/2 logy, y being sufficiently large, and suppose

A(u) > /*(u)u-1/10. Then there exists a number Uf G [u — l,u] for which at least

one of the estimates

(5) />i-W<(l + 0(^))(/>-2)-^)
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and

(5)' /.(«i-l,»i)>(l + 0(^))(/.(i—2) + ^)

holds, the implied constants being absolute.

PROOF. Let u satisfy the hypotheses of the lemma and define the sets

A+ = {u' G [u - h,u\. f(u') > /.(u) 4- |A(u)},

A_ = {«' e [u- h,u\: f(u') < f*(u) - §A(u)}.

Moreover, put

A~Z = A±-[0,r¡] = {u' - t:u' G A±,0 < t < r¡},

where r¡ = (y1/10logy)_1.

By Lemma 3 and estimate (iv) of Lemma 4 we have, for u — h < u' < u and

0 < t < t],y being sufficiently large,

f(u'-t) = *(y»'-t)

/(«')        *(y"')

pu'

(logy) /      as
./u'-t

TT-exp    (logy) /       asds

= 1 4- 0(t logyJ + Ofo"1/3)

= l + 0(y-1/10).

In view of our hypotheses on u and A(u), this implies

f(u'-t) = f(u') + 0(r(u)y-x'w)

= /(u') + 0(A(u)u1/1V1/1°)

and hence

|/(u'-i)-/(u')|<A(u)/12,

if y is sufficiently large, as we may assume. Thus we have

,i is ^   * , s     A(u)     A(u)      , , .     A(u)

for every u' G AT^T and

/(«')</>)- A(ti)/4
for every u' G A_.

Applying Lemma 5, we obtain, for u — 2 < u' < u,

M   '\ \uJJ      u'logy   f^„ Pma«'    V logy /
p<v

< max(r(u'),r(u))-——   y   i^
w  ^   ;'7  v "   u'logy pi^„ p»«v

P<V

A(u)        1 y^ logp

4      u'logy l-*ê pctui ■
P<V _

u'-(logp)/(logB)€A_
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By Lemma 6 we have

Max(/V),/'(«)) </*(«- 2)(1 + 0(h4/u)),

and from part (v) of Lemma 4 we get

1        J2   ^ = l + 0(ex-») = l + 0(1-).
u'logy   ¿-^   pmQu' \u]

°a p"><j,h r \   '

P<V

Putting

KAy)= _J_ V !üE      (AcR),
v        ;     u'logy ¿^ paw K "

P<V

u'-(logp)/(logv)€A

we therefore obtain

/M('+o(ï))in.-i(it«(ï))-^

Since

4   ^   -'    /-    4    -     4     -        4        y yu

and, by hypothesis, u > ft5 = (10logy)5, we can rewrite this as

/GO < (l + O (£)) (/> - 2) - ^u(AI,u')

In the same way we get, for u — 2 < u' < u,

/(«') > (l 4- O (£)) (/.(« - 2) + ^(Z^u'))

Thus we see that (5) resp. (5)' are implied by

(6) inî{p(AI, u'): ui - 1 < u' < ui} >
u3/4

resp.

(6)' inf{/x(A7,u'):«i - 1 < u'< t»i} >-ij,

and to obtain the assertion of Lemma 7, it remains to show, that for some ui G

[u - l,u] one of these last two estimates holds. To this end we use the following

lemma.

LEMMA 8. Let A be any set of real numbers and set~Ä = A- [0,r?] with rj =

y-i/i0iOg-iy Let h < u < y/2logy and suppose A(Ä~ fl [u - l,u - |]) > |,

where A denotes Lebesgue measure. Then we have p(~Ä,u) > 4/u3/4, provided y is

sufficiently large (in absolute terms).

Before proving this result, we show how it implies Lemma 7.

Suppose (6) does not hold for ui = u - \ and let uo G [u — |,u — 5] be

such that p(A~I,u0) < 4/u3/4 < 4/u3/4. We shall show that then (6)' holds for

m — u0 + \ C [u - l,u]. As we remarked above, this is sufficient for the proof of
Lemma 7.
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Lemma 8 with A = AT and u replaced by uo implies, in view of our hypothesis

p(ÄZ,uo) < 4uö3/M, A (AZn [uo - l,uo - \}) < |. Since, by the definition of A~±,

ZjT U AT D A+ U A_ D [u - h, u] D [uo - 1, Uo - j],

we conclude

A(Ä7n[u0-i,wo-i])>f-8 = |.
But then we have

A(A7n[u'-l,u'-A])>§

for every u' G [uo - 5,uo 4- 5], and a second application of Lemma 8 now yields

(6)' for ui = uo 4- \, as wanted.
PROOF OF LEMMA 8. Let A and u satisfy the hypotheses of the lemma. It

is easy to see that A can be represented as a union of disjoint intervals of length

> T] and < 2r\. Let 7 be such an interval with endpoints tf and t2, and suppose

7 C [u - 1,u - \], so that u - 1 < ii < t2 < u - \, r¡ < t2 - tf < 2r\. We then

have
E logP> E        logp

u-(logp)/(logu)€7 uu-t2<p<u"-'i

.(y-,_y.-,)(1 + 0 (_!_))

by Hoheisel's prime number theorem in the form, due to Heath-Brown [5],

£    ]ogp = *(l + o(JL))        (x>,>x^2)
x<p<x+z V \"5*//

and the inequality
yu-ty _yu-t2 > yu-t2lyn _!) > y«-*2i?logy

_ yU-tj-1/10 >     (u-t2)(l-4/10) > y(u-t2)7/12_

Therefore we get, uniformily for a G [0,1],

£     ^ = ^(^-»--)(1+o(¿))

u-(logp)7(l°gv)€i

= (logy 4- 0(1)) j y^-W-^dt.

Since the intervals 7 of the type described above are all contained in the set A n

[u - 1, u - |], and form a disjoint covering of the set Ä" n [u - 1 4- r], u - | - r¡],

we deduce
ElogP

Pa
P<V

"-(log p)/(log v)6An(u-l,u-l/4]

> (lOgy+ 0(1))  / y(«-0(l—)dy
7An[u-l+r;,u-l/4-»)]

> (logy 4- OUJh^-^Mln [u - 1, u - 1/4]) - 2V)

>|(logy + 0(l))y(1-Q)/4.



746 ADOLF HILDEBRAND

Now, according to Lemma 4(iv), we have au G [0,1], if y is sufficiently large and

u G [h, y/2 log y], as we have assumed. Thus we can apply the above estimate with

a — a,, and obtain

P An ,       iu — l,u — —
4

1 £ logP

u log y '—' pQu

u-(logp)/(iogv)eÄn[u-i,u-i/4]

'1 /     1     \\   v(l-c,u)/4

logy) J       u

Since, by estimates (ii) and (iv) of Lemma 4 and our hypothesis u> h = 10 log y,

y(l-a„)/4 >> eiu/4 > (u£u)l/4 » (ulogu)1^

»u1/4 (log logy)1/4,

the desired inequality

/i(Â n [u - 1, u - 1/4], u) > 4/u3/4

follows, provided y is sufficiently large.

This completes the proof of Lemma 8.

6. Proof of Theorem 2. Conclusion. Theorem 2 will be an easy consequence

of Theorem 3 and the following

LEMMA 9. Let h100 < u < y/log2, y being sufficiently large, and suppose

A(u -h)> f(u- h)(u - h)~x/xo.  Then we have

A(u)<A(u-2h)(l-u'5^).

PROOF. Let u satisfy the hypotheses of the lemma. Applying Lemma 7 with

u — h in place of u, we see that for a suitable Uf G [u — h — 1, u — h] at least one

of the estimates

(7)      r(u1-i,u1)<(i+o(^(Kr(u-h-2)-^^)

and

(7)' fÁUl-hux)>U^o{^^U(u-h-2) + ^^

holds. We shall show that (7) resp. (7)' imply (for sufficiently large y)

<»> rM<(i + o(^))(nu-2h)-%$)

resp.

(8)' /.(«)> (l + O (^))(m—^) + ̂ ).

Either of these two last estimates yields the assertion of the lemma. Suppose, for

example, that (8) holds. By means of Lemma 6, we get

A(u) = /*(«)-/.(«)

<(l + 0(^))/•(«-2fc)-^-/.(«-2fc)

= A(u-2,)-^ + 0(/^*).
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Since

/•(« - 2h) <f*(u-h) + A(u - 2h)

< A(« - ft)(u - ft)1/10 + A(u - 2h) = 0(A(u - 2h)ux'w),

the desired inequality

A(u) < A(tt - 2h) (l - u~5/6)

follows, provided u > h100 and y is sufficiently large, as we have assumed in the

lemma. A similar argument applies in the case (8)' holds.

It therefore remains to prove the implications (7) => (8) and (7)' => (8)'. We

shall only prove the first one; the proof of the second is similar.

Suppose that (7) holds for some ui G [u — h - l,u - h\. Put, for n > 1,

un = Uf + (n — l)/2, and define An by

r(u1-i,u„) = r(u-2/i)-A„.

Let TV = \2h 4-1]. We shall show (for sufficiently large y)

w Aaí^+o(t>_^!

Since, by the definition of u¡y,

Uf+h-7¿<UN<Uf+h<u<Uf+h+l,

we get from Lemma 6

r(u) < r(uN) (i + o (^yj < r(uf - i,uN) (i + o (*

= (f*(u-2h)-AN)(l + o(^

Thus we see that (8) follows from (9), and it suffices to prove the latter estimate.

By Lemma 6 and the inequality h + 2 < 2h, we have

and

Hence (7) implies

r(u-h-2)< f*(u - 2h)(l 4- 0(h4/u))

A(u - h) > A(u) 4- 0(f*(u - 2h)h4/u).

Af=f*(u-2h)-r(uf-l,uf)

A(u-h)        {f*(u-2h)h*\
- «3/4        +U\ u J

A(u) (r(u-2h)hf>\
- U3/4   +U{ U J'

We shall show

UO) A„+1>A„( 1-(1)")+ 0(Z>^ÖT)
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unformly for 1 < n <C TV - 1. This together with the above estimate for Ai yields

^nH^o^.i«)
n>l

A(u)

u3/4
n>l

and hence (9), if y and therefore u(> h100 = (10logy)100) are sufficiently large.

Let l<n<TV-lbe fixed. For the proof of (10) we may suppose An+i < An,

i.e.

/*(u- l,Un+i) > /*(ui - l,un).

This means that for some u' G (un,un+i] we have

f*(Uf-l,Un+f)<f(u')(l + l/u).

By Lemma 5 and the definition of An we have

f*(u - 2h) - An+i = /*(ui - l,tln+i) < /(u')(l 4- 1/u)

= (1+o(*))*     E   **>-f(u'-1^-)
V       V « / / « logy tfh pma-'   V      logy /

P<V

<(l + 0 f M) {/* (ui - l,un+i)Ai 4- /•(«! - l,un)A2 4- /* (ui - 1)A3}

<(l + 0 0Ç\\ (Ai 4- A2 4- A3) max(/*(u - 2h), f*(uf - 1)) - AiAn+i - A2An,

where

\. =
u' log y

A =     1 y^      logP
1        n'lncr?/ ¿—i r>mau,

pm<vu ~Un

P<V

x =    1 Y lQgp
2     u'logy 2—* pmau>

&i/   y«'-«n<pm<yt.'-(u1-l)   r

p<v

and
1 v^ logP

u'logy    ,  .   ¿-? k Pma»'
'-(u1-l)<pm<v)i

P<V

Since, by Lemma 6,

max(r (« - 2/i), /•(«! - 1)) < (l + 0 (M) f*(u - 2h)

and since
Ai + A24-A3 = ^-   £   l0gpm

u'logy   ¿—'   p

P<V

1     y^    logP    = x
u' log y ^" pQ«' - 1

<
«/' lntr ii

p<y
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we deduce

f(u - 2h) - An+i <(l + 0 (^\\ f(u - 2h) - AiA„+i - A2Ar

and hence

Thus, to obtain (10), it suffices to show

(H) 1-Ai»l,
I-Ai"       VIO.

Using estimates (iv) of Lemma 4 and the inequality u' — un < un+f — un < ^,

we get, for sufficiently large y,

1
l-Ax>l--i-   £

ii    ncr ii     ¿—'

logp

u' log V     ¿-~*    pmoV
pm<s/y

1       y^    logP ^      1     y^   logP    = t
u' log y   £~*   pm°v       u' log y t-* pa«' - 1

i.e. the first part of (11).  To prove the second part, we first note that for every

fixed p < y and (>0we have

1

with

E —«
m>i    *

m0(t) -

pm0(t)au, (1 _ p-au/ )

ilogy]

logp
4-1.

It follows that, if t > 1, then

E1       _ p(mo(l/2)-mo(t))au,     Y^ 1

m>l     ^ m>l      "
Pm>vt pm>Vv

m>l       ^
Pm>V«

In view of the inequalities u' — un < 1/2 and u' - ui 4- 1 > (n + l)/2 > 1, we

therefore get

/

1-Ai

\
logp

ll«'-»n<p"><,»'-»l + l

P<V

I \~X

logp

J
E

/
= i-

pm>1/u'-u„

\ P<V

pT¡

J
A-1

V
¿—t     °" ¿—I nmaui Z^/     °" Z^ jjmau/

m>l "p<y

p"'«u'

pm>,v'-ui + l J

> 1 - min ('y(1-")Qu'/2j y-a„'/4\

V
P<u

pm>ïu'-un J
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Since, by part (iv) of Lemma 4, au> > l/(logy) for sufficiently large y, we have

min

and hence

lin(s<.-*../*,9-^) <m,„(;slI7i,¿i) < (•)"

A,     >1     Í9V
1-Ai -        VIO,

Thus (11) is proved and the proof of Lemma 9 is complete.

PROOF OF THEOREM 2. Putting x = yu, c = y', we have to show that

*{yu,y) _ .««._, {, , „f  i= ytQ"-'    14-0
*(yu_i,y) V        W/10,

holds uniformly for 0 < t < 1 and 1 < u — t < y/4logy. We shall prove this for the

slightly larger range 1 < u < y/2 logy, 0 < t < min(u — t, 1).

As we mentioned already, we may assume, without loss of generality, y to be

sufficiently large. Moreover, if 1 < u < exp\/h = exp\J10logy, then the asserted

estimate is an immediate consequence of (1) (which is valid in this range) and the

estimate

P(u)      _ „-ti„ ( o (Í)) =„.<»-.-) (i+o(i)).
p(u -1)

which follows from [1, Lemma 3] and Lemma 4. It remains therefore to treat the

case exp \[h <u< y/2 log y with y sufficiently large.

By the definition of f(u) and part (iii) of Lemma 4, we have

*<»"•»>   -    'M.expWf «.A*(yu-',y)    /(«-O

/W.yta...(r1 + oology

Since

/(«) /*(u)-/.(u) A(u)

-      /(u-i)      -/*(u)-A(u)'!/(«-*)

the result follows, if we can show

(12) A(u) = 0(r(u)u-1/10)

for exp \/h <u< y/2 log y.

To prove (12), let u G [e^, y/2 log y] be fixed and put, for n > 0, u„ = u - nh.

Let TV = 2[u6/7] and note that by our hypotheses on u and y

un > uN > u - 2u6/7 > h100        (0 < n < AT).

If
AK) > r(un)u-x'w        (1 < n < TV),

we get from Lemma 9

A(u2n) < A(u2(n+1)) Í1 - -^6 J < A(«2{n+1)) exp (- Jj¿ j     (0 < n < TV/2)
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and hence

A(u) = A(«o) < A(u^)exp (-y^^j « A(uN)exp(-u1/42).

This implies (12), since by Theorem 3 and our hypothesis u > e     ,

¿(ti*) < F(uN) = exp(0(/i5)) = f*(u)exp(0(h5)) = /»exp(0((logu)10)).

Suppose now that, for some n G {1,..., N}

A(un)<r(un)u-X/X0

holds. Applying Lemma 6 repeatedly, we see that

A(u) = A(U0) = /*(Uo) - /.(Uo) < /'(tin) il + O (^)) - /.(Un)

and further

f*(un) = /.(«n) + A(U„) « /.(tin) < /.(«o)(l + 0(h4N/u))

<C /.(uo) = /.(«)< /*(«).

Thus we obtain again (12).

The proof of Theorem 2 is now complete.

NOTE ADDED IN PROOF. This work was completed in March 1984. Since then,

G. Tenenbaum and the present author, using a different, analytic approach, have

obtained an asymptotic formula for í(x, y), valid uniformly in x > y > 2. It follows

from this formula that the estimate of Theorem 2 holds in the stronger form

*(c,I,!/) = c*»)*(I,„)(1 + 0(gf)+0(te»)

uniformly for x > y > 2 and 1 < c < y. These results appear in a paper entitled On

integers free of large prime factors, Trans. Amer. Math. Soc. 296 (1986), 265-290.
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